We consider three simple mixture problems occurring in metallurgy. The first problem considered is the classic minimum cost mixture problem. For the second problem, we consider finding a correction to a given mixture, a premix, without considering the cost of this premix. We only consider the cost and the weight of the quantity used as a correction. We show that the minimum cost correction does not correspond to the minimum weight correction, and we built the Pareto curve that gives all intermediate solutions between these two extreme solutions. Finally, the third problem is the correction problem for a nonfree premix. The correction is done to obtain a minimum cost corrected mixture.
Introduction
Using materials, such as scrap metal for recycling, in order to form blends with desired specifications on some basic chemical elements is a well-known mixture problem met in foundries. People working in these fields bring to our attention the three different but related problems that we are going to consider in this paper. The first problem, called the basic problem, is to make a minimum cost mixture while checking the constraints on the specifications. It is a classic mixture problem solved by linear programming. For the second problem, called the correction problem, we start with a given mixture, called here a premix, which does not satisfy all the constraints on the specifications. Without considering the cost of this premix, we look for a correction, which is itself a mixture of available materials, that we will add to the premix in such a way that the resulting corrected mixture, which is the premix and the correction added together, satisfies all the constraints on the specifications. The correction can be done at minimum cost or at minimum weight. This problem is an example of a bicriteria linear programming problem, and we are going to identify its Pareto set which gives the link between minimum cost solution and minimum weight solution. Finally, the third problem is similar to the preceding correction problem, but now we take into account the cost of the given premix. We look for a minimum unit cost corrected mixture. This is an example of a linear-fractional programming problem. It is important to point out that the questions raised in this paper and the data used in the examples are inspired from a real situation.
Mixture problems are important applications in Operations Research [1] . One such application is the diet problem which received a lot of attention [2] [3] [4] [5] [6] [7] . A variant of this problem is the pooling problem [8] . Also other approaches could be used to analyze similar mixture problems; for example, the fuzzy approach could be used to introduce uncertainties on the data [9] .
Basic Problem

Problem Description.
For the basic problem, there are materials that can be used to produce a mixture. Let ≥ 0 be the weight of the th material in the final mixture ( = 1, . . . , ). The total weight of the mixture is
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The total cost of the mixture of weight weight is then
where ≥ 0 is the unit costs of the th material (for = 1, . . . , ).
The specifications of the mixture and of the materials are the amount (proportion % of the content) of known basic chemical elements (aluminium, carbon, chromium, copper, iron, etc.) contained in a unit weight of the material. Typically, there may be between 10 and 20 basic chemical elements that characterize a chemical mixture. Each th material is characterized by specifications noted by , ( = 1, . . . , ).
The specifications of the mixture are determined by a linear combination of the specifications of the elements of the mixture. If we denote by spec , the th specification of the mixture, we have
The specifications of the mixture are subjected to two types of constraints.
Type 1. Each specification must be in a well-defined range; that is to say,
for = 1, . . . , , where spec min ≥ 0 and spec max ≤ 1 are, respectively, the minimum and maximum value allowed for the th specification of the mixture. and . The pair of specifications (spec , spec ) must be within the region bounded by the 4 given straight lines.
Problem Formulation.
The basic problem is to look for a minimum cost mixture of unit weight; that is to say, weight ( ) = 1, satisfying constraints of Types 1 and 2. The decision variables are for = 1, . . . , ; they will then be the proportions of each ingredient in the unit weight mixture. The mathematical formulation is therefore
(ii) for = 1, . . . , : 
(iii) for = 1, . . . , :
Let S be the notation for the set of feasible solutions to this problem.
Numerical Example.
In our numerical example coming from a real context, we have = 8 materials and the mixture has specifications on = 11 chemical elements. The minimum and maximum values for the specifications of the mixture are listed in Table 1 . We have 2 specifications on 11 basic chemical elements; then there are 22 constraints concerning the concentration of the basic chemical elements in the mixture. Specifications and costs of the 8 materials are given in Table 2 .
Constraints of the first type are completely determined using the data in Tables 1 and 2 . Constraints of the second type require some clarification. We consider 4 constraints of Type 2 connecting carbon ( = 2) and chromium ( = 3) specifications. Constraints are described geometrically in Figure 2 . They indicate that the pair (spec 2 , spec 3 ) should be inside the parallelogram enclosed by 4 
The coefficients of these constraints are given in Table 3 .
Mathematical Problems in Engineering 3 For the problem ( ), the constraints (i) and (iv) ensure that the set of feasible solutions is bounded if it is not empty. This set is actually not empty and we get the optimal solution of Table 4 , with (minimum) unit cost equal to 0.344984$. If we take away the materials = 5 and = 6, set 5 = 0 and 6 = 0 in the model, this new problem has no solution, and the feasible set is empty. It means that it is impossible to make a mixture which satisfies all the constraints with the 6 remaining materials.
Correction to a Fixed Quantity of
(Free) Premix
Problem Description.
For the second problem we assume that we have in stock a given mixture already done called a premix, with its own specifications, but which does not satisfy some constraints for a new mixture. The problem we consider is to add to this premix a correction, which is a combination of the available materials, in such a way that the corrected mixture obtained by adding the correction to the premix satisfies all the new constraints on the specifications. We are going to obtain this correction without considering the cost of the premix. Let us set 0 ≥ 0 for the weight of the premix in the corrected mixture, ≥ 0 for the weight of the th material in the corrected mixture ( = 1, . . . , ) .
As we want to correct a given weight of the premix, we set 0 = 1, and the decision vector will be = ( 1 , . . . , ). The weight of the correction to add to the premix to obtain an acceptable mixture is given by
If we consider a minimum weight correction, we have to minimize weight ( ). The total weight of the corrected mixture is given by the following formula:
The cost of the correction is
If we consider a minimum cost correction, we have to minimize cost ( ). The specifications of the premix are denoted by ,0 ( = 1, . . . , ), and each material is also characterized by the specifications previously described and denoted by , ( = 1, . . . , ). The specifications spec of the resulting corrected mixture are then defined by
and the constraints of Types 1 and 2 are directly applicable.
Problem Formulation.
Since the problem we consider is to correct a unit weight of a premix ( 0 = 1) by adding to that premix a minimum cost or a minimum weight correction, the mathematical formulation is
(ii) for = 1, . . . , :
( ) 
for = 0, . . . , .
The Pareto Set.
Problem ( ) is a problem with two criteria [10] : cost ( ) = and weight ( ) = , where = ( 1 , . . . , ) and = (1, . . . , 1). The feasible set in the criteria space R 2 is defined by
where
A feasible solution ∈ S is an efficient feasible solution if and only if there is no other feasible solution ∈ S such that (i) ( ) ≤ ( ) for every ∈ {cost, weight}; (ii) ( ) < ( ) for at least one ∈ {cost, weight}, that is to say that no other feasible solution improves both criteria or at least one criterion without damaging the other criterion.
The set of efficient solution is the efficient set or the Pareto set denoted by E . The efficient set or Pareto set in the criteria space is E = E . By considering the weighted sum of the two criteria using parameter ∈ (0, 1) and the problem min ( )
we can use the following relation for the Pareto set E [10]:
The efficient set E being a union of a finite number of faces of S follows that E is of the same form since it is the image of E by a linear transformation. As a subset of R 2 , E is formed by a finite number of pairwise segments connected by their endpoints, also called efficient vertices or efficient extreme points. It is a polygonal line. To each vertex of that polygonal line is associated an interval of values of , noted [ , ] . The union of all those intervals is [0, 1]. Likewise, a unique value of is assigned to each segment which corresponds to the common bound of the intervals of the two endpoints of the segment. See [11] for a complete description of E . Table 5 shows the specifications of the premix. Note that these specifications satisfy the constraints of Type 1 but not the constraints of Type 2. Type 2 constraint coefficients are given in Table 6 . The efficient vertices in the criteria space are given in Table 7 , and the corresponding optimal solutions in the decision space appear in Table 8 . In these tables, the minimum cost solution is on the first line, while the minimum weight solution is on the last line. The other solutions correspond to intermediate vertices on the Pareto curve E given in Figure 3 . This curve gives 6 Mathematical Problems in Engineering us the best pairs ( cost , weight ), going from the minimum cost efficient solution to the minimum weight efficient solution. For any point ( cost , weight ) ∈ E , cost is the minimum cost for all feasible correction such that weight ( ) = weight , and, conversely, weight is the minimum weight for all feasible correction such that cost ( ) = z cost .
Numerical Example.
The solution of this problem shows that the correction at minimum cost effectively costs 0.0028353$ and weights 0.0195544 weight units. The unit cost of the correction is then 0.0028353$ 0.0195544 weight unit = 0.1449962 $ weight unit .
The corrected mixture formed thus weighs 1.0195543 weight units. On the other hand, the correction at minimum weight requires an addition of 0.0191732 weight unit, which costs 0.0066641$. In this case, the unit cost of the correction is 0.0066641$ 0.0191732 weight unit = 0.3475736 $ weight unit .
The corrected mixture formed thus weighs 1.0191732 weight units.
The proportions of premix and materials in the optimal corrected mixture are reported in Table 9 for the efficient vertices.
Note that the correction obtained does not use materials = 5 and = 6; they could be removed. Recall that the effect of removing these two materials eliminates the possibility of finding a feasible mixture with only the available materials, without premix.
A Theoretical Result.
We conclude this section by establishing a relation between the feasible sets S and S . They are both closed subsets of R , and they can be empty or nonempty. The set S can be nonempty while S is empty. When S is nonempty, it is bounded because
When S is nonempty, it can be bounded (hence compact) or unbounded (thus not compact). The following result links these two situations. All possible situations are reported in Table 10 .
Theorem 1. If S is nonempty, we have that (i) S is bounded (thus compact) if and only if S is empty; (ii) S is unbounded (thus not compact) if and only if S is nonempty.
Proof. If S is nonempty, let us take 0 ̸ = ∈ S and also take ∈ S . For ≥ 0, we set ( ) = + . It is easily verified that ( ) ∈ S and thus S is unbounded. Conversely, if S is unbounded, there are ( ) ∈ S and ∈ R such that = 1 and ( ) = + ∈ S (for all ≥ 0). Then we check that ∈ S by substituting ( ) in the constraint of ( ), dividing by and passing to the limit as goes to infinity. Table 9 : Proportions of premix and materials for efficient vertices. 
Correction to a Fixed Quantity of (Nonfree) Premix
Problem Description.
It would have been more realistic to consider that the premix has a possible nonzero cost in the preceding problem. So we reconsider the preceding problem assuming a possible nonzero unit cost 0 for the premix. We consider one criterion which is the unit cost of the corrected mixture. Let us set 0 ≥ 0 for the weight of the premix in the corrected mixture, ≥ 0 for the weight of the th material in the corrected mixture ( = 1, . . . , N) .
As we want to correct a given weight of the premix, we set 0 = 1, and the decision vector will be = ( 1 , . . . , ). For the total weight, we have
because we have assumed that 0 = 1, and the total cost is
which take into account the fact that the premix might have a nonzero cost, so 0 ≥ 0.
For this problem, the criteria will be the unit cost of the corrected mixture, premix, and correction added together, given by the ratio
Problem Formulation.
The decision variables will be again for = 1, . . . , , and therefore the formulation is
( ) Let S be the set of feasible solution to this problem. Obviously, we have S = S a because the constraints of this problem are the constraints of the preceding problem ( ).
Linear-Fractional Program.
The problem ( ) is an example of a linear-fractional program. Under the assumption that the feasible region S is nonempty and bounded, the Charnes-Cooper transformation [12] (ii) for = 1, . . . , :
(iv) ≥ 0 for = 0, . . . , .
(̃)
LetS be the set of feasible solutions = ( 0 , . . . , ) of (̃). Let us observe that (̃) is similar to the first problem ( ), and the premix can now be considered as one of the available materials. The fact that we assume S nonempty and bounded, Theorem 1 implies that ( ) has no solution; hence, (̃) has no solution = ( 0 , . . . , ) ∈S with 0 = 0. It follows that any solution of (̃), if it exists, is such that 0 > 0 and that the corresponding solution of ( ) is given by
and hence 0 = 1. In case the feasible region S is nonempty and unbounded, (̃) might have a solution = ( 0 , . . . , ) ∈ S with 0 > 0; then the solution of ( ) is again given by the preceding formula. But it might happen that (̃) has a solution = ( 0 , . . . , ) ∈S with 0 = 0; then the resulting mixture is not a corrected mixture. It means that it is better to use original materials ( = 1, . . . , ) to produce the desired mixture because it is cheaper than trying to use the premix. Hence,
is a solution of the original problem ( ). In this case, let us define by the formula 0 = 0, and = for = 0, . . . , , as before.
A Parametric Analysis.
We could be interested by the variation of the criteria, the unit cost of the resulting (corrected or not) mixture, with respect to the cost 0 . This information is obtained from a parametric analysis of the criteria with respect to the parameter 0 . We split the criteria of (̃) in two parts:
and we consider the following bicriteria problem:
The Pareto curve of this problem, obtained by considering the weighted sum, is
and the correspondence
allows us to find a piecewise linear continuous increasing concave representation for the optimal minimal unit cost * ( 0 ) = min ( ) in terms of 0 . Since
we have
that is, valid not only for 0 = 1 but also for 0 = 0 and where is the optimal solution. Table 12 : Optimal solutions of (̃) and ( ) in the decision space R 7 .
(a) 
Numerical Example.
We consider two situations with the preceding data.
Case 1.
We use all the materials, without = 5 and = 6. In this case, S is empty and S is nonempty and bounded; hence 0 will always be strictly positive. Tables 11 and 12 present results for (̃) and the corresponding values for ( ).
Case 2.
We consider all the = 8 materials; then S is nonempty and S is nonempty and not bounded; hence it Let us observe that the results for 0 = 0 correspond to the results obtained in Section 3.
Conclusion
Three simple mixture problems occurring in metallurgy were analyzed. We first considered the basic mixture problem. We then considered a correction problem to a "free" premix. We have shown that, in the case of a free premix, the minimal cost correction does not generally correspond to the minimum weight correction. We built the Pareto curve that gives all intermediate values between these two extremes. The same problem, with a "nonfree" premix, leads to a unique minimal unit cost solution.
